Abstract. Let S be a numerical semigroup with embedding dimension equal to three. Assume that the minimal generators of S are pairwise relatively prime numbers. Under these conditions, we give semi-explicit formulas for the Frobenius number, the genus, and the set of pseudo-Frobenius numbers of S. Moreover, if the multiplicity of S is fixed, then these formulas become explicit.
Introduction
Let N be the set of nonnegative integers. A numerical semigroup is a subset S of N that is closed under addition, 0 ∈ S and N \ S is finite. The elements of N \ S are the gaps of S, and the cardinal of such a set is called the genus of S, denoted by g
(S). The Frobenius number of S is the largest integer that does not belong to S and it is denoted by F(S).
If A ⊆ N is a nonempty set, we denote by A the submonoid of (N, +) generated by A, that is, A = {λ 1 a 1 + · · · + λ n a n | n ∈ N \ {0}, a 1 , . . . , a n ∈ A, λ 1 , . . . , λ n ∈ N}.
In [14] it is proved that A is a numerical semigroup if and only if gcd{A} = 1, where gcd means greatest common divisor.
It is well known (see [14] , for instance) that every numerical semigroup S is finitely generated and, therefore, there exists a finite subset X ⊆ S such that S = X . In addition, if no proper subset of X generates S, then we say that X is a minimal system of generators of S. In [14] it is proved that every numerical semigroup admits a unique minimal system of generators {n 1 < n 2 < · · · < n e }.
The integers e and n 1 are known as the embedding dimension and the multiplicity of S, respectively.
The Frobenius problem (see [8] ) consists of finding formulas that allow us to compute, in terms of the minimal system of generators of a numerical semigroup, the Frobenius number and the genus of such a numerical semigroup. This problem was solved by Sylvester and Curran Sharp (see [15, 16, 17] ) when the embedding dimension is equal to two. In fact, if S is a numerical semigroup with minimal system of generators {n 1 , n 2 }, then F(S) = n 1 n 2 −n 1 −n 2 and g(S) = (n 1 −1)(n 2 −1) 2 . At present, the Frobenius problem is open for the case of embedding dimension e ≥ 3. To be precise, Curtis showed in [2] that it is impossible to find a polynomial formula (that is, a finite set of polynomials) that computes the Frobenius number if e = 3. Indeed, in [7] Ramírez-Alfonsín proves that this problem is NP-hard for a dimension e variable.
If {n 1 , n 2 , n 3 } is the minimal system of generators of a numerical semigroup
2 (see [6, 10] ). Therefore, in order to solve the Frobenius problem for numerical semigroups with embedding dimension equal to three, we focus our attention on numerical semigroups whose three minimal generators are pairwise relatively prime numbers.
Let S be a numerical semigroup minimally generated by {m 1 , m 2 , m 3 }, with m 1 < m 2 < m 3 . Following the notation of [5] , for {i, j, k} = {1, 2, 3}, set 32 . From now on, we denote by Six(S) the 6-tuple (r 12 , r 13 , r 23 , r 32 , r 21 , r 31 ). In [13] it is shown that, if m 1 , m 2 , m 3 are pairwise relatively prime numbers, then the integers r ij are strictly positive and, moreover, there are known formulas to compute the Frobenius number and the genus of S in terms of Six(S).
If m is a positive integer, we denote by L(m) the set of numerical semigroups with multiplicity equal to m, embedding dimension equal to three, and pairwise relatively prime minimal generators. Our purpose in this paper is to give a formula to compute Six(S) for each S ∈ L(m).
In order to have an idea of the type of formulas that we will give, we include in this introduction the case m = 10. The results that we will prove in this paper show that the formula is correct. Let S ∈ L(10) and let m 1 = 10 < m 2 < m 3 be the minimal generators of S. Let us observe that m 3 ≡ km 2 (mod 10) for some k ∈ {3, 7, 9}. We have that: 3 10
Let us observe that the 6-tuple Six(S) is not ordered by chance. Because we have taken the set L(m 1 ) with fixed m 1 , in each expression of the formula, the values of r 12 , r 13 , r 23 , r 32 are independent of the m 1 , m 2 and m 3 , instead of r 21 , r 31 that are dependent on them.
In [10] Rødseth showed an algorithm that allows us to determine the Frobenius number and the genus of a numerical semigroup with embedding dimension equal to three and pairwise relatively prime minimal generators. If we analyze such an algorithm, it is not difficult to obtain formulas of F(S) and g(S) for S ∈ L(m).
These formulas have the same structure as those presented by us. In fact, they depend on an integer parameter k such that m 3 ≡ km 2 (mod m 1 ) and, moreover, that
belongs to a certain interval. In this way, this work can be considered as a continuation of [10] , but using different techniques in the proofs. Moreover, we consider that our paper can help to clarify, generalize and simplify the ideas described in [10] . On the other hand, several algorithms that compute the Frobenius number (related closely to the previous one), quasi-formulas, and upper bounds for such a number are collected in [8, . In this way, [9] deserves special attention. In such a paper, Ramírez-Alfonsín and Rødseth improve the ideas of previous papers (see [4, 11] ) to obtain an efficient algorithm that computes certain parameters, and then give a semi-explicit formula. In the present paper, we are not interested in the question of the complexity to compute Six(S). Our aim is to highlight the possibility of obtaining an explicit formula if the multiplicity is fixed. Therefore, an interesting question is: about how long does it take to get this formula? In such a case, we would say that the answer is polynomial time with respect to the multiplicity.
We now summarize the content of this paper. Let S be a numerical semigroup generated by three positive integers m 1 < m 2 < m 3 that are pairwise relatively prime numbers. In Section 2 we recall several results and facts of [13] that will be useful in this work. In Section 3 we will solve the Frobenius problem for L(m 1 ). The tool for this purpose will be the concept of a set of chained solutions for such a set of numerical semigroups. The existence of sets of chained solution will be shown in Section 4.
Preliminaries
We will say that (a 1 , . . . , a n ) is an integer n-tuple if a 1 , . . . , a n ∈ Z (where Z is the set of integers). We will say that the n-tuple (a 1 , . . . , a n ) is strongly positive if a 1 , . . . , a n ∈ N \ {0}.
The following result is [13, Theorem 8] and will be fundamental in the development of this paper. In the rest of this paper m 1 , m 2 , m 3 will be pairwise relatively prime positive integers such that m 1 < m 2 < m 3 and e( m 1 , m 2 , m 3 ) = 3. In [13, Lemma 6] it is shown that (x 12 , x 13 , x 23 , x 32 , x 21 , x 31 ) = Six( m 1 , m 2 , m 3 ) is the unique strongly positive integer solution of (2.1). Moreover, in [13, Lemma 3] it is shown that, if {i, j, k} = {1, 2, 3}, then c i = r ji + r ki . From the preceding remarks, together with the next result (which is a consequence of [13, Proposition 15, Proposition 17]), we can assert that, if we know the unique strongly positive integer solution of (2.1), then we have solved the Frobenius problem.
Theorem 2.2. Under the above conditions, we have
. Let S be a numerical semigroup. We say that x ∈ Z \ S is a pseudo-Frobenius number of S (see [12] ) if x + s ∈ S for all s ∈ S \ {0}. We denote by PF(S) the set of pseudo-Frobenius numbers of S. From the definition it follows that F(S) = max{PF(S)}. The cardinal of PF(S) is an important invariant of S which is called the type of S (see [1] ). In [3] 
We finish these preliminaries by pointing out that the knowledge of the set Six( m 1 , m 2 , m 3 ) is also important in other areas of semigroup theory and of ring theory. In fact, in [5] it is shown that (1.1) gives a minimal presentation by generators and relations of m 1 , m 2 , m 3 . Moreover, in the same paper, such a presentation is interpreted in terms of the semigroup ring associated to m 1 , m 2 , m 3 .
Chained solutions
First of all, let us observe that, because m 1 , m 2 , m 3 are pairwise relatively prime positive integers, there exists k ∈ {1, . . . , m 1 − 1} such that m 3 ≡ km 2 (mod m 1 ). Moreover, since gcd{m 1 , m 3 } = 1, we have that gcd{k, m 1 } = 1. In the sequel we assume both conditions. Let X be a set of strongly positive integer solutions of (3.1) such that it satisfies conditions 1), 2) and 3) of the previous lemma. We will say that X is a set of chained solutions of (3.1).
As an immediate consequence of Proposition 3.1 and its proof, we obtain the next result, which is the key in the development of this paper. As an application of Theorem 3.3, we are going to show that the formula given in the introduction for computing Six(S), for all S ∈ L(10), is true. Let us observe that, since gcd{10, k} = 1, then k ∈ {3, 7, 9}. We analyze each one of these cases separately.
1) If k = 3, then X = {(1, 3, 1, 2)} is a set of chained solutions of (3.1) because I(1, 3, 1, 2) =] ). 2) If k = 7, then X = { (3, 1, 1, 4), (3, 1, 2, 1) } is a set of chained solutions of (3.1) because I(3, 1, 1, 4) =] ). 3) If k = 9, then X = { (1, 1, 1, 8), (1, 1, 2, 7), (1, 1, 3, 6), (1, 1, 4, 5) } is a set of chained solutions of (3.1) because I(1, 1, 1, 8) =] 
Existence of sets of chained solutions
Our aim in this section will be to show that there always exists a set of chained solutions of (3.1). Moreover, the proof is constructive and, therefore, we can compute such a set in an easy and quick way.
As usual, if x is a real number, we set x = max{z ∈ Z | z ≤ x}. 
is a strongly positive integer solution of (3.1).
The following result allows us to obtain new strongly positive integer solutions from the solution given by Lemma 4.1. Once again, the proof is easy and, therefore, we omit it. 
Then X is a set of strongly positive integer solutions of (3.1) that satisfies conditions 1) and 2) of Lemma 3.2.
As we can see in the following example, the set X given by Proposition 4.3 does not satisfy, in general, condition 3) of Lemma 3.2. is another integer solution of (3.1).
Let us observe that, in the previous lemma, we do not impose the condition that the solutions have to be strongly positive. 12 , and then a 32 = 1 (applying item 1) of Lemma 4.6). From this equality and item 2) of Lemma 4.6, we conclude that the final end of I (a 12 , a 13 , a 23 , a 32 ) is greater than 1, which is a contradiction to the hypotheses. Finally, a simple computation shows that the final end and the initial end of both solutions are equal. Now we are in position to prove the result announced at the beginning of this section. 1, k − m 1 mod k) . Applying Lemma 4.2 to this solution, we get new solutions of (3.1). If, for one of the intervals associated with these solutions, the final end is greater than or equal to one, then the theorem is proved. In another case, we have that the last possible given solution (a 12 , a 13 , a 23 , a 32 ) We end the paper with an example illustrating this theorem.
Example 4.9. Let us have m 1 = 36, k = 23. We are going to obtain a set of chained solutions of (3.1). First, as we saw in Example 4.4, X 1 = {(13, 1, 1, 10)} is a set of strongly positive integer solutions of (3.1) that satisfies conditions 1) and 2) of Lemma 3.2. But, since X 1 does not satisfy condition 3) of Lemma 3.2, we can apply Proposition 4.7, taking t = 13 10 + 1 = 2, and we get (3, 3, 2, 7) as a new solution. Therefore, X 2 = {(13, 1, 1, 10), (3, 3, 2, 7)} is a new set of strongly positive integer solutions of (3.1) that, once again, satisfies conditions 1) and 2) of Lemma 3.2, but not condition 3). Now, by applying Lemma 4.2 (instead of Proposition 4.7 on this occasion), we get the solution (3, 3, 5, 4) . Finally, it is obvious that X = { (13, 1, 1, 10 ), (3, 3, 2, 7), (3, 3, 5, 4) } is a set of chained solutions of (3.1).
